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formation. II. Kinetic models for nucleated fiber growth
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Abstract

A sequential model for nucleated protein fiber formation is proposed that is similar in broad outline to models
proposed previously(Thermodynamics of the Polymerization of Protein, Academic Press, New York,(1975); Biophys.
J. 50 (1986) 583) but generalized to allow for thermodynamic nonideality resulting from a high degree of volume
occupancy by inert macromolecular cosolutes(macromolecular crowding). The effect of volume occupancy on the
rate of fiber formation is studied in the transition-state rate-limited regime through systematic variation of rate-
limiting step (prenuclear oligomer formation, nucleus formation or fiber growth), shape of prenuclear oligomer, size
of nucleus, extent of reversibility, nature of inert cosolute(hard globular particle or random coil polymer) and size
of inert cosolute relative to that of fiber-forming protein. It is found that crowding can accelerate the rate of fiber
formation by as much as several orders of magnitude. The extent of acceleration for a given degree of volume
occupancy depends upon several factors, the most conspicuous of which is the stoichiometry of the nucleus. In
contrast, the rate of redistribution of fiber length, which occurs on a much slower time scale than polymer formation,
is found to be insensitive to the extent of crowding.
� 2003 Elsevier B.V. All rights reserved.
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1. Introduction

The biologically widespread process of protein
fiber formation has traditionally been analyzed in
the context of models positing an initial thermo-
dynamically disfavored process of nucleation fol-
lowed by the thermodynamically favored process
of fiber growth w1–3x. The overall process is
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typically studied by preparing a solution of protein
under conditions such that polymerization is inhib-
ited, and then initiating polymerization at time
zero by rapidly changing solution conditions to
those favoring polymerization, by for example
changing temperature or pH, or adding small
molecule cofactors facilitating polymerizationw4–
6x. A variety of kinetic models for protein fiber
formation have been proposed and analyzed exten-
sively w2,7–12x, all of which apply exclusively to
proteins polymerizing under conditions such that
non-specific solute–solute interaction is negligible,
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i.e. under thermodynamically ideal conditions.
However, it has become increasingly appreciated
that in physiological media, neglect of non-specific
solute–solute interaction, in particular excluded
volume interactions arising from steric repulsion
(‘macromolecular crowding’), may lead to quali-
tatively incorrect estimates of the rates and equi-
libria of macromolecular associationsw13–17x. It
has been shown experimentally that excluded vol-
ume in solutions of high total macromolecular
content may profoundly influence the rate and
extent of protein fiber formationw18–24x, and
models for these effects in specific systems have
been proposedw18,24–26x. We have previously
presented a general analysis of the effect of exclud-
ed volume on the equilibria of fiber formation
w27x. The equilibrium analysis was based upon
extensions of the widely accepted Oosawa–Asak-
ura paradigm for nucleated linear self-assembly
w2x, to allow for non-specific steric interactions
between the dilute fiber-forming protein and an
inert macromolecular cosolute(‘crowder’) present
at arbitrary concentration. The purpose of the
present work is to build on the preceding equilib-
rium treatment and develop quantitative models
for the effect of excluded volume on protein fiber
formation that are more general than those pre-
sented earlier.

In the present work, we develop a kinetic model
of reversible fiber nucleation and growth that is
similar to, but more general than, the model of1

Goldstein and Stryerw9x under thermodynamically
ideal conditions. We then extend the model to
nonideal conditions by allowing for the effect of
excluded volume on the various rate constants
appearing in the model. The behavior of the
extended model under different rate-limiting con-
ditions is then explored as a function of the
concentration of crowder.

We have tried to make our model of nucleation as general1

as possible by considering parameter regimes that cover
behavior from kinetically limited to thermodynamically limited
nucleation. By spanning this region(from one limiting behav-
ior to another) we accommodate, in a general fashion, the
gross features of all conceivable experimental nucleated
polymerization behavior—thereby making our modeling strat-
egy more wide ranging than previous efforts that are reliant
upon the pre-equilibrium approximation(thermodynamically
limited nucleation).

2. Theory and methods

2.1. Kinetic models for fiber formation

We posit an infinite series of reversible stepwise
additions of monomer toi-mer:

A qA °A (1)1 iy1 i

with a second-order rate constant for association
k (i) and a first-order rate constant for dissociationf

k (i). As in previous models of a similar natureb

w2,7,9x we postulate that there exists a unique
oligomer size, with a stoichiometryn, such that
the kinetics of addition to oligomers of sizen or
greater are distinct from those of addition to
smaller oligomers. We shall refer ton-mer as
nucleus, and assert that it represents the smallest
structural unit that presents a site for the addition
of subsequent monomeric subunits which is struc-
turally and energetically equivalent to that pre-
sented by all larger oligomers. For the sake of
simplicity, Goldstein and Stryerw9x postulated that
k (i)sk andk (i)sk for all i(n, and thatk (i)sf f b b f

k and k (i)sk for all i)n. We shall retain theG G
f b b

condition that all stepwise additions to species
with i)n have identical rate constants, but allow
the formation of oligomers withi(n to have size-
dependent forward and backward rate constants.
In particular, we feel that the addition of monomer
to (ny1)-mer should be kinetically distinguished
from the addition reactions preceding and follow-
ing it, as it represents a combination of binding of
monomer to a prenuclear complex and conforma-
tional rearrangement to form the nucleus, a situa-
tion depicted schematically in Fig. 1. In addition,
it will be shown subsequently that depending upon
assumptions made regarding the shape of prenu-
clear oligomers, excluded volume may differen-
tially affect different prenuclear stepwise addition
rate constants.

The general reaction scheme indicated by Eq.
(1) above then leads to the following set of rate
equations:

For is2 to ny1:

dcisk (i)c cf 1 iy1dt
w xy k (i)qk (iq1)c cqk (iq1)c (2)b f 1 i b iq1
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Fig. 1. Schematic depiction of the stepwise addition model for
nucleated fiber formation. Blue arrows indicate addition of
monomer to soluble oligomer with association rate constant
k (i) and dissociation rate constantk (i), where i is the stoi-f b

chiometry of the product. The red arrow indicates addition of
monomer tony1-mer, with association rate constantk (n) andf

dissociation rate constantk (n). This step is energetically dis-b

tinguished from prior steps due to a coupled isomerization
leading to the formation of nucleus. Green arrows indicate
addition of monomer to nucleus and all larger species, with
association rate constantk and dissociation rate constantk .G G

f b

dcn G Gw xsk (n)c c y k (n)qk c c qk c (3)f 1 ny1 b f 1 n b nq1dt

For isnq1 to `:

dci G G G Gw xsk c c y k qk c cqk c (4)f 1 iy1 b f 1 i b nq1dt

In principle, one can obtain the time evolution of
the system by solving Eqs.(2) and (3) together
with an arbitrarily large set of equations of the
form of Eq. (4). This is not generally practical,
but in certain special cases described below, the
distribution of polymer sizes at equilibrium is
sufficiently narrow to enable a full solution of this
kind.

For a more general exploration of parameter
space we adopt an approximate method for trun-
cating the set of required rate equations, which is
an extension of that initially suggested by Oosawa
and Asakuraw2x for the case of irreversible fiber
growth. The total number of moles of polymer
N and the total number of moles of monomerpoly

in polymerc are defined as follows:poly

`

N ' c (5)poly i8
isnq1

`

c s ic (6)poly i8
isnq1

We shall assume that polymer does not fracture,
so that the addition of monomer to growing poly-
mer does not change the number of moles of
polymer. Hence the rate of change ofN is equalpoly

to the rate of formation of nuclei:

dNpoly G Gsk c c yk c (7)f 1 n b nq1dt

Straightforward differentiation of Eq.(6) and sum-
mation of series lead to

dcpoly G Gw xsn k c c yk cf 1 n b nq1dt
G G Gw xq k c yk N qk c c (8)f 1 b poly f 1 n

Finally, conservation of mass yields:

ndc dc dc1 i polysy i y (9)8dt dt dtis2

In order to truncate the number of rate equations
that must be solved without introducing significant
error into the calculated time dependence ofc ,poly

we introduce the following approximation. First,
we limit the conditions of study to those in which
the rate of growth of polymer by addition exceeds
the rate of loss by monomer dissociation.(This
approximate method is, therefore, not suitable for
simulating the time dependence of net depolymer-
ization.) It follows that there exists some number
n )n such that back-dissociation from speciesmax

larger thann has a negligible effect upon themax

time-dependent concentration of nucleus. Under
such conditions, we need to calculate explicitly
the concentrations of only those species with
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i(n , and Eq.(4) is replaced by the followingmax

two rate equations:
For isnq1 to n y1:max

dci G G G Gw xsk c c y k qk c cqk c (10)f 1 iy1 b f 1 i b nq1dt

dcnmax G G Gw xsk c c y k qk c c (11)f 1 n y1 b f 1 nmax maxdt

where dissociation from speciesisn q1 ismax

neglected in Eq.(11).

2.2. Scaled (dimensionless) rate equations

Let c denote the total protein concentration intot

moles per liter of monomer, andk a referenceo

second-order rate constant. We then define the
following scaled(dimensionless) variables:

x (i)'k (i)ykf f o

x (i)'k (i)y k cŽ .b b o tot
G Gx 'k ykf f o
G Gx 'k y k cŽ .b b o tot

f'ic yc (mass fraction of speciesi)i i tot

f 'c yc mass fraction of protein in polymerŽ .poly poly tot

g sN yc mole of polymerymole subunitŽ .poly poly tot

Ut sk c to tot

It may be seen thatk is simply the actual valueo

of that particular second-order rate constant whose
scaled value is set equal to unity. By substitution
of the scaled variables defined above into rate
equations Eqs.(2)–(11), we obtain the following
equivalent set of scaled rate equations:

For is2 to ny1:

dfi six (i)f f y(iy1)f 1 iy1Udt
w xy x (i)qx (iq1)f fb f 1 i

qix (iq1)f y(iq1) (12)b iq1

dfnsnx (n)f f y(ny1)f 1 ny1Udt
G Gw xy x (n)qx f f qnx f y(nq1) (13)b f 1 n b nq1

For isnq1 to n y1:max

dfi Gsix f y(iy1)f iy1Udt
G G Gw xy x qx f fqix f y(iq1) (14)b f 1 i b iq1

dfnmax Gsn x f y(n y1)max f n y1 maxU maxdt
G Gw xy x qx f f (15)b f 1 nmax

dfpoly G Gs(nq1)x f f ynynx f y(nq1)f 1 n b nq1Udt
G Gw xq x f yx g (16)f 1 b poly

dgpoly G Gsx f f ynyx f y(nq1) (17)f 1 n b nq1Udt

ndf df df1 i polysy y (18)U U U8dt dt dtis2

The validity of the truncation procedure, wherein
back dissociation from species larger thann ismax

assumed to have a negligible effect upon the
concentration of nucleus, may be verified in one
of two ways. First, one may compare solutions of
sets of equations with identical values of the rate
constants andn, but with different values ofn .max

If there exists a value ofn (n *) such thatmax max

the solutions are independent of the value ofnmax

for all n )n *, then the truncation proceduremax max

is validated forn 0n *. (Note that truncationmax max

is automatically valid for all values ofn )n ifmax

x s0.) Alternatively, for a limited number ofG
b

parameter sets, one may compare the time depend-
ence of f calculated using the truncated modelpoly

with that calculated using the full model, i.e. Eqs.
(2) and (3) with a large number of equations of
the form of Eq.(4), sufficient to account for all
species of polymer that are significantly populated
at equilibrium. It was found, as reported below,
that in contrast to the distribution of polymer
lengths, the time dependence off is wellpoly
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described by the solution of the truncated equations
with a small value of n . Therefore, unlessmax

explicitly stated otherwise, calculations off (t)poly

alone were carried out using a default value of
n snq3.max

The use of scaled rate equations permits us to
explore the various types of kinetic behavior which
may be exhibited by the model specified above
without having to specify actual rate constants or
concentrations, and with a reduced number of
variables. A particular solution of the scaled equa-
tions may be linearly transformed to the equivalent
solution of the actual rate equations upon specifi-
cation of the values ofk andc .o tot

2.3. Effect of excluded volume on rate constants

It is assumed that the concentration of fiber-
forming protein is sufficiently dilute that non-
specific excluded volume interactions between
species of this protein are negligible. As in Hall
and Minton w27x, excluded volume effects are
attributed exclusively to steric repulsion between
individual species of the fiber-forming protein and
between a chemically inert macromolecular crowd-
er that may be present at arbitrary concentration.

Hall and Minton w27x adopted a hard particle
model for self-assembly in which monomer was
represented as a spherical particle of radiusr , i-1

mers between 1 andn were represented as spheri-
cal particles of radiusi r , and i-mers of1y3

1

stoichiometrynq1 and greater were represented
as spherocylindrical particles with cylindrical radi-
us r and cylindrical lengthydiameter ratio 2(iyn

n)y(3n). This model, referred to as theglobular
prenuclear oligomer model, is depicted schemati-
cally in Figure 1 of Hall and Mintonw27x. In the
present work we additionally employ an alternate
hard particle model, in whichi-mers between 2
and ny1 are assumed to be linear rather than
globular, and are represented by spherocylindrical
particles of cylindrical radiusr and cylindrical1

lengthydiameter ratio of 2(iy1)y3. This model,
referred to as thelinear prenuclear oligomer mod-
el, is depicted schematically in Fig. 1.

In principle, the effect of excluded volume upon
reaction rate depends upon whether the overall
reaction rate is limited by the rate of conversion

of the transition-state complex to product(reac-
tion-limited kinetics) or whether it is limited by
the rate of bimolecular encounter between reactants
(diffusion-limited kinetics) w15x. However, at the
present time there is no satisfactory quantitative
theory for the effect of excluded volume upon
diffusion-limited kinetics in a crowded medium,
and the present treatment is, therefore, limited to
the analysis of reaction-(or transition state-) lim-
ited kinetics. For the sake of comparison of model
predictions with experiment, the solution condi-
tions under which a particular protein fiber-forming
reaction is studied may be adjusted to achieve a
reaction rate sufficiently slow to ensure that the
process is not diffusion rate-limited. We postulate
that the transition-state complex excludes essen-
tially the same volume to cosolute as product,
leading tow15,28x

g g1 iy1o ox (i)sx (i) 'x (i) G (19)f f f i
gi

ox (i)sx (i) (20)b b

whereg denotes the thermodynamic activity coef-i

ficient of speciesi, which is dependent upon the
concentration of inert macromolecular additive in
a manner that may be estimated from excluded
volume theory w29–33x, and a superscript ‘o’
denotes the ideal value of the superscripted varia-
ble (i.e. in the absence of excluded volume effect).
For oligomers larger than nucleus, the magnitude
of the nonideal effect is independent of oligomer
size w27x, so

oG G Gx sx G (21)f f

oG Gx sx (22)b b

Unless specified otherwise, activity coefficients
are calculated as a function of fractional volume
occupancyf using the scaled particle theory of
Cotter w33x for a hard spherical crowding species
with radius r , or using the available volumeC

theory of Ogstonw29,32x and Giddings et al.w31x
for a random coil polymer crowding species, rep-
resented as a random array of hard rods with
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Fig. 2. Illustration of the two phases of approach to equilibrium. Simulations were carried out forns3, x (2–3)s0.05,x (2–3)so o
f b

0.25,x s1 andx s0.25.(A) Solid curves: f , the mass fraction of protein present as polymer, as a function of logt*. Dashedo oG G
b f poly

curves: g , the scaled number of polymers, as a function of logt*, multiplied by a factor of 10 for visibility. Curves were calculatedpoly

for fs0 and 0.1 as indicated. The numbered arrows indicate times at which the length distributions plotted in panel B were
calculated.(B) Mass fraction ofi-mer plotted as a function ofi for three elapsed times. Solid curves were calculated forfs0 and
dashed curves forfs0.1. Curves labeled a and a9 were calculated for logt*s2.04 wtime point (1) in panel Ax, curves labeled b
and b9 were calculated for logt*s3.43 wtime point (2) in panel Ax, and curves labeled c and c9 were calculated for logt*s4.8
wtime point(3) in panel Ax.

cylindrical radiusr . Quantitative expressions forC

the activity coefficients are given in Hall and
Minton w27x.

2.4. Solution of rate equations

Rate equations were solved using one of two
techniques: numerical solution of the complete set
of rate equations Eqs.(2)–(4) was achieved using
a fourth-order Runge-Kutta numerical integration
routine w34x. The maximum allowable error was
controlled by dynamically adjusting each time step
so that the step would not produce a fractional
change in free monomer concentration, total mon-
omer present as polymer, concentration of nuclei,
or number concentration of polymer, in excess of
preselected values. The accuracy of the solutions
was tested against equilibrium predictionsw27x and
by comparing the results of calculations made
using different values of the fractional change
criteria.

Solutions of the truncated scaled rate equations
Eqs. (12)–(18) were obtained using the differen-

tial equation solver ODE15s inMATLAB (Math-
works, Natick, MA), implementing a
variable-order Gear algorithmw35x suitable for the
solution of stiff sets of ordinary differential equa-
tions. Simulations were carried out under the
following default conditions unless otherwise spec-
ified: (1) initial conditions: f (0)s1, f (0)s0 for1 i

is2 to n , N (0)sf (0)s0. (2) Sphericalmax poly poly

crowder model:r sr . (3) Linear prenuclear olig-c 1

omer model.(4) All reactions were considered to
be transition-state rate-limited.(5) All k (i) equalo

f

for is2 to ny1, and all k (i) equal for is2 too
b

ny1.

3. Results

Numerical solution of the full set of rate equa-
tions Eqs. (2)–(4) in the absence of crowder
yields the time course for formation of polymer
(Fig. 2a) and for the evolution of the distribution
of polymer lengths(Fig. 2b). It is evident that the
equilibrium amount of total polymer may be
attained far in advance of the equilibrium length
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distribution. True equilibrium represents attainment
of minimum free energy of the system. When the
total amount of polymer has been formed, the
enthalpy of the system has achieved a near-mini-
mal value. The driving force for redistribution of
polymer lengths is further minimization of the
total free energy through maximization of the
entropy of the system. Due to limitations imposed
upon the kinetics of this process by model assump-
tions (see concluding discussion), redistribution
takes place on a much slower time scale than
initial polymer formation. Oosawa and co-workers
w1,2,36x recognized the existence of the two dis-
tinct time scales, and suggested the following
nomenclature to describe the generalized polym-
erization reaction coordinate.

Monomerz(Polymer) z(Polymer)mass distribution

Although the distinction is not as quite as clear-
cut as suggested by the above scheme, since
redistribution of polymer length is occurring con-
current with polymer growth, it represents a good
starting point for the discussion of the two polym-
erization processes and the effect of crowding
upon their respective time-dependence.

3.1. Effect of crowding on the kinetics of polymer
formation

We have taken advantage of the rapidity asso-
ciated with solving the truncated set of rate equa-
tions Eqs.(12)–(18) as compared to solving the
full set of rate equations Eqs.(2)–(4) to provide
information about the time evolution of polymer
mass(f ). Even though the truncated model ispoly

simplified, it contains many variable parameters.
We have attempted to explore the effect of varia-
tion in individual parameters. For obvious reasons
it is not practical to explore the effect of covaria-
tion of pairs of variables, even though such effects
may be significant.

The following quantities will be used to describe
various features of the results. Lety denote the
value of f normalized to its asymptotic valuepoly

in the long-time limit, i.e.f y f . t is definedequil
poly poly 50

to be that value oft* at which ys0.5. a is a
kinetic cooperativity parameter, defined as

w zd ln(1yy)x |Ud ln ty ~ Ut st50a'y (26)
ln 2

a is equal to 1 for a functiony whose rate of
change with respect tot, evaluated att , is equal50

to that of a single decaying exponential. A value2

of a-1 reflects a smaller rate of change ofy with
respect tot* at ys0.5, which is indicative of either
heterogeneous binding kinetics or negative kinetic
cooperativity (apparent rate constant decreasing
with y), and a value ofa)1 reflects a larger rate
of change ofy with respect tot* at ys0.5, which
is indicative of positive kinetic cooperativity
(apparent rate constant increasing withy).

Results are presented graphically in one or more
of the following formats.
(1) f plotted against logt*. Plotting againstpoly

log t* rather thant* enables both rapid and slow
processes to be clearly distinguished on the same
axes. If, in addition, the time course of two
reactions being compared differs only in overall
rate rather than mechanism, the plotted dependence
of f against logt* will have the same shape,poly

and differ only by a horizontal shift along the
log t* axis.
(2) log f (is1–n) and logf plotted againsti poly

log t*. Such a plot enables the viewer to observe
the evolution of dilute species at short times as
well as more concentrated species appearing at
longer times.
(3) dyydt* plotted againsty. If the time depend-

ence of y resembles the decaying exponential
presented in (with as1), the plot of dyydt*1

againsty will be a straight line with a constant
slope ofy1yt . A plot that is concave downwardo

reflects kinetic heterogeneity or negatively coop-
erative assembly(a-1), in which the value of
the effective rate ‘constant’ for assembly,k ,app

a as used here is a generalization of the parameter2

employed in the empirical stretched exponential functionys
1yexpw(ytyt ) x commonly employed to describe time-a

o

dependent processes exhibiting kinetic cooperativity. The
dependence off on t calculated according to the presentpoly

model studied in the present work does not necessarily resem-
ble a stretched exponential, but the value ofa evaluated at
ys0.5 has the same qualitative significance with respect to
characterizing the overall time course of the reaction.
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Fig. 3. Illustration of three rate-limiting regimes of the model. Simulations carried out forns5, fs0. Column 1 corresponds to
the prenuclear oligomer rate-limiting regimewx (2–4)s10 , x (2–4)s10 , x (n)s1, x (n)s0.1, x s1, x s0x, column 2o oo y4 o y3 o o G G

f b f b f b

the nucleus formation rate-limiting regimewx (2–4)s10 , x (2–4)s10 , x (n)s1, x (n)s0.1, x s10 , x s0x and column 3o oo 4 o 5 o o G 3 G
f b f b f b

the fiber growth rate-limiting regimewx (2–4)s10 , x (2–4)s10 , x (n)s10 , x (n)s10 , x s1, x s0x. Row 1: plots ofo oo 4 o 5 o 4 o 3 G G
f b f b f b

f as a function of logt*. Row 2: plots of logf for is1 to n as a function of logt* (solid line—logf , long dashed line—poly i 1

log f , dot-dashed line—log f , dotted line—log f , thick solid line—log f). The absence of a line corresponding to a given species2 3 4 5

j indicates that the maximum calculated abundance of logf was less thany5. Row 3: plots of df ydt* against f .j poly poly

decreases with increasing extent of assembly. Con-
versely, a plot that is concave upward reflects
positively cooperative assembly(a)1), in which
the value ofk initially increases with increasingapp

extent of assembly.

3.1.1. Ideal kinetics in different rate-limiting
regimes

Rate equations Eqs.(12)–(18) were solved for
three sets of parameter values in the ideal limit
(fractional volume occupancyfs0), given in the
caption to Fig. 3. In parameter seta, the dimen-
sionless rate constant for the addition of monomer

to prenuclear oligomer is set to a value much
smaller than those for the formation of nucleus or
for polymer growth, generating a situation in
which the formation of prenuclear oligomers is
slow, followed by rapid conversion ofny1-mer
to n-mer and thence to polymer. In parameter set
b, the dimensionless rate constant for the addition
of monomer tony1-mer (i.e. for nucleus forma-
tion) is set to a value much smaller than those for
the addition of monomer to smaller prenuclear
oligomers or for polymer growth, generating a
situation in which prenuclear oligomers are formed
almost instantaneously, attaining an equilibrium in
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Fig. 4. Dependence of logt anda on f, calculated using the model for spherical crowder(r sr , solid lines) and random coil50 C 1

polymeric crowder(r s0.5r , dashed lines) in the prenuclear oligomer rate-limiting regimewx (2–4)s10 , x (2–4)s10 ,o y3 o y2
C 1 f b

x (n)s1, x (n)s0.1,x s1, x s0x (circles), the nucleus formation rate-limiting regimewx (2–4)s10 ,x (2–4)s10 ,x (n)so oo o G G o 4 o 5 o
f b f b f b f

1, x (n) s0.1, x s10 , x s0x (squares), and the fiber growth rate-limiting regimewx (2–4)s10 , x (2–4)s10 , x (n)s10 ,o oo G 3 G o 4 o 5 o 4
b f b f b f

x (n)s10 , x s1, x s0x (diamonds).o oo 3 G G
b f b

solution that lasts for several orders of magnitude
in time due to the kinetic bottleneck arising from
the slow conversion ofny1-mer to n-mer. The
material that is converted ton-mer (nucleus) is
then rapidly converted to polymer, and hence does
not accumulate. In parameter setc, dimensionless
rate constants for the addition of monomer to all
prenuclear oligomers, includingny1-mer, are set
to values much higher than that for the growth of
polymer, generating a situation in which oligomers
up to and includingn-mer are rapidly formed, and
nucleus accumulates due to the slow conversion
of n-mer to nq1-mer and higher polymers. This
last (polymer growth rate-limited) situation is
analogous to the introduction of seeds into a
supersaturated solution of protein, and the resulting
kinetics are similar, namely, the non-cooperative
(slow) addition of monomer to the rapidly formed
nuclei and subsequently formed polymers.

It is emphasized that even though parameters
may be selected so that the ideal behavior of the
model falls clearly within one of the rate-limiting
regimes delineated above, more complex kinetics

may be observed in a crowded medium. Differen-
tial excluded volume effects on the three sets of
rate constants(prenuclear addition, nuclear addi-
tionyisomerization, and growth) can lead to hybrid
behaviors in systems that exhibit only one in the
absence of crowding.

3.1.2. Influence of choice of rate-limiting step and
crowder type

Rate equations Eqs.(12)–(18) were solved for
three sets of ideal rate parameters given in the
caption to Fig. 3, corresponding to the three rate-
limiting regimes delineated in the preceding sec-
tion in the limits of reversible and irreversible
growth, and two sets of excluded volume para-
meters given in the caption to Fig. 4, correspond-
ing to excluded volume theories appropriate for a
spherical crowderw30,33,37x or a random coil
polymeric crowder w29,31,32x. The results are
summarized as plots of logt anda as functions50

of f in Fig. 4. It is observed that for all the three
rate-limiting regimes, d logt ydf is approximate-50

ly independent off for the random coil polymer
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Fig. 5. Dependence of logt anda on f, calculated using the model for spherical crowder wthr s3 r (dotted lines) andr s1y3
50 C 1 C

r y3 (dashed lines) in the prenuclear oligomer rate-limiting regimewx (2–4)s10 , x (2–4)s10 , x (n)s1, x (n)s0.1,1y3 o y4 o y3 o o
1 f b f b

x s1, x s0x (circles), the nucleus formation rate-limiting regimewx (2–4)s10 , x (2–4)s10 , x (n)s1, x (n)s0.1, x so o oG G o 4 o 5 o o G
f b f b f b f

10 , x s0x (squares), and the fiber growth rate-limiting regimewx (2–4)s10 , x (2–4)s10 , x (n)s10 , x (n)s10 , x s1,o o3 G o 4 o 5 o 4 o 3 G
b f b f b f

x s0x (diamonds).oG
b

model, whereas the absolute value of d logt ydf50

increases with increasingf for the spherical
crowder model. This seems to be a general con-
sequence of the difference between the two theo-
ries used to calculate activity coefficients.
According to the OgstonyGiddings available vol-
ume theory used to calculate activity coefficients
in a random-coil polymer crowderw29,31,32x,
d ln gydf is independent off, whereas in the
Cotter scaled particle theory used to calculate
activity coefficients in a spherical crowderw33x,
d ln gydf increases significantly with increasing
f. While the kinetic cooperativity associated with
fiber formation, as reflected in the value ofa, is
different for the three rate-limiting regimes, that
of a given rate-limiting regime does not seem to
be greatly affected by changes in volume occupan-
cy as calculated by either theory. For each rate-
limiting regime, variation of the ideal forward and
backward rate constants of the rate-limiting step
was found to have an effect only on logt , ando

50

minimal or negligible effect on both d logt ydf50

anda (data not shown).

3.1.3. Influence of reversibility
The simulations described above, for all three

rate-limiting regimes, were repeated, settingx sG
b

0.25 rather than 0, so that the equilibrium value
of f is reduced from 1.0 to 0.75. It was foundpoly

in all cases that the calculated dependence of
log t on f was almost exactly the same as in the50

irreversible case. The absolute values ofa were
altered by at most 0.1. It thus appears that the
kinetics of polymer formation and the influence of
crowding on those kinetics—in contrast to the
ultimate amount of polymer formed at equilibri-
um—are essentially identical to the effects calcu-
lated for irreversible systems. We thus conclude
that the general effects of crowding on the kinetics
of fiber formation are insensitive to variation in
the equilibrium solubility of polymer.

3.1.4. Influence of crowder size
Rate equations Eqs.(12)–(18) were solved for

parameter sets characteristic of the three different
rate-limiting regimes, with excluded volume
effects calculated for a spherical crowder with
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Fig. 6. Dependence off and logf on logt*, calculated forr sr y2 in the nucleus formation rate-limiting regimewx (2–4)so
poly i C 1 f

10 , x (2–4)s10 , x (n)s1, x (n)s0.1, x s10 , x s0x at different values off. In column 2, logf is plotted as a solid line,o o4 o 5 o o G 3 G
b f b f b 1

log f as a dashed line, logf as a dotted line and logf as a dot-dashed line.2 3 poly

mass 1y3, 1 and 3 times that of the monomer of
fiber-forming protein(i.e. hard sphere radius(1y
3) , 1 and 3 that of the monomer). The results1y3 1y3

are summarized in Fig. 4(solid lines) and Fig. 5.
For a given volume or mass fraction of spherical
crowder, the accelerating effect of crowding is
more pronounced for a smaller crowder than that
for a larger crowder. This is because at a fixed
weightyvolume concentration of crowder, there
will be a higher number density(or molar concen-
tration) of the smaller species of crowder mole-
cules, resulting in a larger effect upon the activity
coefficients of the fiber-forming speciesw15x.3

An apparently anomalous result was obtained
when a very small crowding agent(r s0.5r )C 1

was specified. Under these conditions,t initially50

decreases strongly with increasingf, reaches a
minimum, and then begins to increase asf

This relationship does not hold for random coil polymeric3

crowders for reasons discussed elsewherew15x. It should also
be noted that the predicted increase in activity with decreasing
spherical crowder size is expected to hold only in the regime
where both crowder and tracer are macromolecules, i.e. so
large that the quantal nature of solvent may be safely neglected
w38x.

increases further. This behavior occurs when
crowding enhances the tendency of protein to self-
associate to such an extent that monomer becomes
substantially depleted, suppressing the rate of
growth of the polymer. An example of this behav-
ior is presented in Fig. 6.

3.1.5. Influence of oligomer shape assumption
Rate equations Eqs.(12)–(18) were solved for

both the globular and linear prenuclear oligomer
models for a variety of rate constant sets in all
three rate-limiting regimes. In all cases, the values
of log t calculated for a given set of rate constants50

and a given value off using the two oligomer
models differed by no more than approximately
0.2, and the values ofa differed by no more than
approximately 0.1, indicating that variation in the
assumed geometry of prenuclear oligomers does
not have a major effect on the kinetic conse-
quences of crowding.

3.1.6. Influence of nucleus size
Rate equations Eqs.(12)–(18) were solved for

parameter sets characteristic of each of the three
rate-limiting regimes, withns2, 5 and 10, with
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n snq3. The results are summarized in Fig. 7.max

To facilitate comparison between results obtained
from different values ofn, plots of D log t (s50

log t yt ) as a function off are presented in lieuo
50 50

of plots of logt as a function off. It is evident50

that the accelerating effect of crowding is much
greater for reactions that are rate limited by the
formation of nuclei or fiber growth than that by
the rate of prenuclear oligomer formation. The
effect of nucleus size does not in general affect
the apparent kinetic cooperativity of the reaction,
except for the case ofns10 in the prenuclear
oligomer formation rate-limited reaction.

3.1.7. Effect of crowding on the kinetics of polymer
length redistribution

The results presented in the preceding section
indicated only relatively minor quantitative differ-
ences in the effects of different crowding agents
and different pre-nuclear geometries on the kinetics
of polymer production. Since the solution of the
full set of rate equations is much more computa-
tion-intensive than the solution of the truncated
set, our exploration of long-time behavior is lim-
ited to the effects of spherical crowding agent on
the spherical prenuclear oligomer model. We
define the initial length distribution to be that
particular distribution of polymer lengths attained
when the total polymer concentration first reaches
its final (quasi-equilibrium) value, and thefinal
length distribution to be the distribution attained
in the limit of long time, i.e. at true equilibrium.
It is emphasized that crowding may affect the
kinetics of polymer length redistribution process
by (i) altering both the initial and final distribu-
tions of polymer length and by(ii) possibly
altering the rates of individual redistribution
reactions.

3.1.8. Influence of rate-limiting step and crowding
levels on initial length distribution

The evolution of the initial length distribution
may be observed most easily by settingx s0,oG

b

thereby eliminating length redistribution. The
results shown in Fig. 8 indicate that depending
upon the particular set of rate constants, crowding
may either shorten and narrow(panel A) or
lengthen and broaden(panel B) the initial length

distribution. Crowding-induced broadening of the
initial length distribution is less common than
crowding-induced narrowing, and occurs only
when prenuclear oligomers are formed so rapidly
that free monomer is substantially depleted, as
depicted in Fig. 6.

3.1.9. Effect of crowding on the relaxation
phenomenon

In contrast to the results just presented, Hall and
Minton w27x found that macromolecular crowding
generally broadens and lengthens the equilibrium
distribution of fiber lengths. It follows that the
amount of relaxation that the initial distribution
must undergo to reach equilibrium, expressed in
terms of the number of moles of monomer that
are transferred between different polymers, may
be significantly altered by inclusion of crowding
agents. However, theamount of relaxation should
be distinguished from therate of relaxation, the
former referring to the absolute distance on the
reaction coordinate, the latter being a measure of
the reaction velocity in going from some interme-
diate distribution to the final equilibrium
distribution.

This point is best demonstrated by comparing
the relaxation process for a reversibly polymerizing
system at different values of the fractional volume
occupancyf. The first example shown in Fig. 9,
calculated using the parameter values given in the
figure caption, represents behavior typical of a
large class of prenuclear oligomer formation rate-
limited sets of parameter values. A second exam-
ple, shown in Fig. 10, calculated using the
parameter values in the figure caption, represents
behavior typical of a large class of polymer growth
rate-limited sets of parameter values. We observe
in both figures that following initiation of the
polymerization reaction, the number of polymer
molecules(proportional tog ) increases roughlypoly

in parallel with the amount of protein as polymer
(f ) until the amount of polymerized proteinpoly

approaches, but does not quite attain, its final
value. Theng begins to decrease, indicating apoly

very slow relaxation of the distribution of polymer
lengths to a larger mean value(compare Fig. 2)
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Fig. 7. Dependence ofD log t anda on f, calculated forns2 (circles), 5 (squares) and 10(diamonds), in the prenuclear oligomer50

rate-limiting regimewx (2 to ny1)s1, x (2 to ny1)s10, x (n)s10 , x (n)s10 , x s10 , x s0x (column 1), the nucleuso oo o o 4 o 3 G 4 G
f b f b f b

formation rate-limiting regimewx (2 to ny1)s10 , x (2 to ny1)s10 , x (n)s1, x (n)s0.1,x s10 , x s0x (column 2) ando oo 4 o 5 o o G 4 G
f b f b f b

the fiber growth rate-limiting regimewx (2 to ny1)s10 , x (2 to ny1)s10 , x (n)s10 , x (n)s10 , x s1, x s0x (columno oo 4 o 5 o 4 o 3 G G
f b f b f b

3). Note that for the special case ofns2, the values ofx (2 to ny1) and x (2 to ny1) are not specified and the prenuclearo o
f b

oligomer rate-limiting regime is not defined.

that takes place at essentially constant total weight
concentration of polymer.

The time dependence ofg in each of thesepoly

examples may be described compactly through the
use of an empirical function consisting of the sum
of two stretched exponentials:

U aw zS W1B EtT TU
U XC Fg t sa q a ya 1yexp yx |Ž . Ž .T Tpoly 0 2 1

D GV Yty ~1

U aw zS W2B EtT T

U XC Fq a ya 1yexp y (27)x |Ž .T T3 2
D GV Yty ~2

in which the parametersa define the magnitudei

of the exponentials,a are indices of cooperativityi

(see preceding section) and thet indicate charac-i

teristic decay times. Eq.(27) was fitted by non-

linear least squares to each of the solid curves
shown in Fig. 9b and Fig. 10b, and the best-fit of
Eq. (27) to each curve is plotted as a dashed curve
together with the original(solid) curve in the
respective figures. The dependence of logt andi

a upon f is plotted in Figs. 11 and 12. Thei

values of logt and a characterizing the time50

dependence off , calculated as described in thepoly

previous section, are also plotted for comparison.
We may conclude from inspection of these

figures that whereas the rate of polymer formation
may be substantially accelerated by crowding(up
to a 100-fold in the examples shown) the rate of
relaxation of the length distribution(and the kinet-
ic cooperativity of both processes) is little affected
by excluded volume.
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Fig. 8. Distribution of polymer length produced in the absence of polymer length distribution, calculated forns3 and the following
sets of rate constants:(A) x (2–3)s100, x (2–3)s1000,x s1, x s0. (B) x (2–3)s0.0001,x (2–3)s0.001,x s1, ando o oo o G G o o G

f b f b f b f

x s0, at various degrees of fractional volume occupancy indicated in the figures. Plotted curves connect discrete values calculatedoG
b

for integral values of the degree of polymerization(dop), plotted as dots in panel A. These dots are not plotted in panel B due to
high density.

4. Discussion

It is important to emphasize at the outset that
the models formulated and studied in the present
work are highly simplified and idealized represen-
tations of any process leading to the assembly of
a real protein fiber. Thus, small effects are likely
to represent artifacts arising from oversimplifica-
tion rather than physically meaningful phenomena.
However, we believe that, with two exceptions
noted below, all major physical factors that can
influence the formation of fibrous aggregates in a
crowded medium have been at least heuristically
taken into account. Hence, large qualitative(order-
of-magnitude) effects observed in the simulations
reported here are likely to be physically meaning-
ful. In particular, the following observations are
believed to be significant.

1. The overall rate of fiber formation may be
accelerated by as much as several orders of
magnitude relative to that in uncrowded solvent,
depending upon the level of fractional volume
occupancy by crowder and the relative size of
crowding and fiber-forming species.

2. The degree of acceleration provided by a partic-

ular crowding agent depends strongly upon the
size of the nucleus.

3. Compact globular crowding agents(such as
globular proteins) are predicted to have a sig-
nificantly greater accelerating effect on fiber
formation than an equal weightyvolume concen-
tration of random-coil polymeric crowding agent
of comparable molar mass and charge.

4. The kinetic cooperativity of a particular assem-
bly process is not expected to be strongly
influenced by crowding.

5. The accelerating effect of crowding on fiber
formation is expected to reach a maximum at
some intermediate value of fractional volume
occupancyf. Further increases inf may lead
to little change in overall fiber formation rate,
or even a decrease in overall fiber formation
rate, depending upon details of the mechanism.

In Fig. 7 results are presented indicating that
the rate of fiber formation is strongly accelerated
with increasing nucleus size, even when the overall
velocity of the reaction is limited by the rate of
fiber growth. At first glance one would not expect
this to be the case, since the growth rate constants
are independent of nucleus size. However, the
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Fig. 9. Dependence of(A) f and (B) g on logt*, cal-poly poly

culated forns3, x (2–3)s0.01,x (2–3)s0.1,x s1,x so oo o G G
f b f b

0.25, andfs0, 0.1, 0.2 and 0.3(curves labeled a–d, respec-
tively). The dashed curves in panel B are the best fits of Eq.
(27) to the corresponding solid curves.

Fig. 10. Dependence of(A) f and (B) g on logt*, cal-poly poly

culated for ns3, x (2–3)s100, x (2–3)s1000, x s1,oo o G
f b f

x s0.25 andfs0, 0.1, 0.2 and 0.3(curves labeled a–d,oG
b

respectively). The dashed curves in panel B are the best fits
of Eq. (27) to the corresponding solid curves.

growth rate depends on the steady-state molar
concentration of polymerN (or the scaledpoly

equivalentg ) as well as the rate constant forpoly

growth wEq. (16)x, and this quantity in turn
depends upon the concentration of nucleiwEq.
(17)x, which increases strongly with nuclear size
in a crowded medium. Fiber growth is thus accel-
erated due to the presence of a larger number of
shorter fibers, presenting more ends as sites for
growth.

Solution of the full model described by rate
equations Eqs.(2)–(4) reveals a very slow redis-
tribution of fiber lengths taking place over a period
of time many orders of magnitude greater than
that required to attain a near-equilibrium level of
total polymerization, as previously noted by Oos-
awa and Asakuraw2x. Crowding influences this
process primarily by altering the extent of redistri-
bution rather than the rate of redistribution. The

lack of a substantial effect of crowding upon the
rate of length redistribution may be rationalized as
follows.

Consider the transfer of monomer from a fiber
initially containing j subunits to one initially con-
tainingk subunits. At a near-constant concentration
of monomer, the process of transfer may be
described approximately by the following reaction
scheme.

Gkb

j-merqk-mer°( jy1)-merqmonomerqk-mer
Gkf

Gkf

°( jy1)q(kq1)-mer
Gkb

In this approximation, the overall transfer process
is symmetrical, requiring no net uptake or release
of monomer, and hence no net change in excluded
volume. The rate-limiting step in either direction
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Fig. 11. f-Dependence of best-fit values of logt , log t , a1 2 1

and a obtained from fitting Eq.(27) to g (t*) (Fig. 9B),2 poly

and f-dependence of logt and a calculated forf (t*)50 poly

(Fig. 9A).

Fig. 12. f-Dependence of best-fit values of logt , log t , a1 2 1

anda obtained from fitting Eq.(27) to g (t*) (Fig. 10B),2 poly

and f-dependence of logt and a calculated forf (t*)50 poly

(Fig. 10A).

is expected to be the dissociation of monomer
from the end of a polymer, which is expected to
be little affected by crowding, as described in Eqs.
(19) and (20). Thus, although crowding is found
to affect the initial and equilibrium polymer distri-
butions, and hence theextent of redistribution, it
is not expected to substantially influence therate
of length redistribution.

The present analysis of the kinetics of fiber
formation may be distinguished from previous
model studiesw1,2,7,9,11,25,26,36,39,40x on two
accounts.(1) Earlier treatments taking into account
the effect of thermodynamic nonideality on fiber
growth kinetics w25,26x were limited to specific
models and did not explore the broader ramifica-
tions of crowding on fiber formation.(2) To our
knowledge the present work represents the first
quantitative analysis of the kinetics of fiber length
redistribution. One may reasonably ask, why study
redistribution, since most experimentalists are only
interested in the time dependence of total polymer

formation? We suggest that the length redistribu-
tion may substantially affect measured physical
properties that are conventionally assumed to be a
function only of the total amount of polymer, for
example, the turbidity and sedimentability of the
protein, and hence should be considered in inter-
preting the time dependence of these properties
(see e.g. Refs.w4,6,41x).

In conclusion, the general model presented here
contains two simplifying assumptions that, while
reasonable, may not be justified under all
circumstances.
(1) It is assumed that fiber growth takes place

only via addition of monomer at fiber ends. A
more general model would allow for fiber growth
by addition of soluble oligomers(e.g. dimers,
trimers, etc.) as well as monomers to the growing
fiber. It should be pointed out that the very long
period of time that is calculated for the distribution
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of fiber lengths to reach equilibrium is a direct
consequence of the assumption that fibers may
change length only via association and dissociation
of monomer from fiber ends. If the length of fibers
may be altered via additional mechanisms such as
association and dissociation of oligomers, or break-
age and annealing of fibersw42–44x, one would
expect the equilibrium distribution of polymer
lengths to be more rapidly attained.
(2) It is assumed that nucleation is exclusively

homogeneous. The kinetics of formation of fibers
of deoxygenated sickle Hb in highly nonideal
solution have been well described by a model
specifying both homogeneous and heterogeneous
nucleationw26x, but the extent to which heteroge-
neous nucleation is a general feature of protein
fiber formation is unknown. It is of interest to note
that the initial motivation for the incorporation of
heterogeneous nucleation into the sickle Hb
polymerization model was the observation of sig-
nificant kinetic cooperativity, which could not be
accounted for by early models of fiber formation
incorporating only homogeneous nucleation. The
model presented here, on the other hand, can in
some limiting kinetic regimens(see left hand panel
of Fig. 7) account for kinetic cooperativity without
invoking heterogeneous nucleation.
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